Technical aspects of the Shirkov-Solovtsov's analytic perturbation theory (APT) are considered. We construct explicitly two sets of specific functions, {A n (s)} and A n (Q 2 ) that determine the nonpower asymptotic expansions for Minkowskian and Euclidean QCD observables in APT. The results, up to third order, are written in terms of the Lambert W -functions. As an input we used the exact two loop and the three loop (corresponding to Padé transformed beta-function) RG solutions for common invariant coupling α s . In addition, the exact three-loop coupling is expanded in powers of the exact two-loop solution. The excellent accuracy is achieved with few terms of this series. We derive order by order elegant systems of equations for both sets of the functions. Then we construct the global versions of the APT functions with quark thresholds in the M S scheme and give numerical results.
Introduction
In recent publications [1, 2] a modified version of QCD perturbation theory, free of unphysical singularities, was elaborated. It was termed the renormalization group (RG) invariant analytic approach [3] . In this works the idea to combine renormalization invariance and Q 2 -analyticity for the running coupling was explored. New important properties of the analytic coupling established. This makes it possible to gain some information about infrared behavior of the theory starting from perturbative calculations.
In this paper we shall be concerned with analytic perturbation theory (APT) suggested in Ref. [4] , a particular version of RG invariant analytic approach. A thorough mathematical investigation of the nonpower APT series has been undertaken in works [5] , where the stability of APT results (as compared to the conventional perturbative approach) with respect to the renormalization scheme and higher loop dependence for the whole low energy region was explained (see also [6] ). APT has been successfully used for description of many important spacelike and timelike processes (for a partial list of contributors to this subject, see ref. [3] ).
For the reader's convenience here we briefly summarize some aspects of APT. Let D(Q 2 ) be a dimensionless quantity, depending on a single energy scale Q. A suitable example for our purposes is Adler D-function related to some timelike process. Usually, it is presented in the form of power series
here D 0 is a process dependent constant and f denotes the number of active quark flavors at the energy scale Q. In APT, the same quantity should be presented in the form of a nonpower asymptotic expansion as
where A n is the "analyticized n-th power" of the coupling in the spacelike region: A n (Q 2 , f ) = {α n s (Q 2 , f )} an . Let R(s) be the physical quantity determined through D(Q 2 ) in the timelike domain (for example R e + e − (s) or R τ (M τ )). Then in APT it has the representation the [3, 7] R(s) = R 0 (1 + r(s)) r(s) = ∞ n=1 d n A n (s, f ).
The functions A n are defined through the transformation
previously introduced in Refs. [8, 9] (see also recent paper [10] ). The inversion of (4) reads
In recent works [5, 7] the universal functions A n and A n have been calculated analytically at the one loop order. In the infrared region, an oscillating behavior for these functions was observed.
To construct these functions, beyond the one loop order, the iterative approximation for the running coupling was used [7, 11, 12] or RG equation was solved numerically in the complex domain [13] .
Recently exact two-loop order solution to the RG equation has become available [14, 15] . The solution has been written in terms of the Lambert-W function. In addition, the third order RG equation (with Pade transformed β-function) has also been solved in terms of the same function [15] . These explicit solutions proved to be very useful for determination of the analyticity structure of the coupling in the complex Q 2 -plane. Using the exact two loop solution the analytically improved coupling A (2) 1 (Q 2 , f ) was reconstructed [14, 16] . Afterwards, in paper [17] , a higher order solution to the RG equation (in arbitrary MS-like renormalization scheme) was expanded in powers of the scheme independent explicit two-loop order solution. In this way, a new method for reducing the scheme ambiguity for the QCD observables has been proposed. A similar expansion for the observable (depending on a single energy scale Q) motivated differently, has been suggested in [18] .
The aim of this paper is to give practical formulas for calculation of the APT sets {A n (Q 2 , f )} and {A n (s, f )}. As an input we use the above mentioned explicit solutions to the RG equation. In Sec. 2 we derive order by order general equations for both sets of the APT functions. In Sec. 3 we present exact two-loop results. The Minkowskian functions are constructed, in the closed form, in terms of the Lambert-W function. The corresponding spacelike functions, A n (Q 2 , f ), are reconstructed through the spectral representation, or equivalently using inverse transformation (5) . In Sec. 4 the APT functions are calculated to the three loop level. The Pade approximation improved three-loop coupling is used. General method for constructing the APT sets, beyond two-loop level, is discussed in Sec. 5. In Sec. 6 we construct global universal functions, A n (Q 2 ) and A n (s), (both introduced in [7] ). For crossing the quark flavor thresholds, we use the continuous matching conditions for the MS scheme coupling α s (Q 2 , f ). Sec. 7 contains the numerical results. Some technical details are given in the Appendix. The conclusions are given in Sec. 8.
The Euclidean functions are defined through the spectral representation
where the spectral function ρ n (σ, f ) = ℑ{α s (−σ − ı0)} n , Λ is the QCD scale parameter, and ρ n (σ, f ) ≡ρ n (t, f ) with t = ln(σ/Λ 2 ). The timelike set of functions {A n (s, f )} is defined by elegant formula
obtained in work [20] . In numerical calculations singular integral (9) should be regulated. With the help of (10), integral (9) can be represented as
where A n (Q 2 , f, T ) denotes the integral (9) taken over the finite interval −T ≤ t ≤ T . For sufficiently large values of T (when exp(−T )(Q 2 /Λ 2 ) ≪ 1), the contributions of order e −T can be neglected. So that the second term, A n (Λ 2 e T , f ), compensates the main truncation effects in the integral. Formula (11) enables us to achieve a good numerical precision even for moderate values of the cutoff T .
In what follows, we shall derive the equations for the functions A n (Q 2 , f ), A n (s, f ) and ρ n (σ, f ). In the k-loop order, the results have the form
The similar one-loop order equations were obtained in paper [7] . We start from the RG equation, in the k-loop level, presented as
where, n ≥ 1, is some integer. The APT variant of Eq. (15) reads
on the other hand, we can write
From the identity, ln(−σ − ı0) = ln σ − ıπ, it follows that
so that ∂α
integrating by parts (19) and using the asymptotic vanishing of ρ n (σ, f ) (the asymptotic freedom)
we get ∂α
from this and (16) follows system of equations (12) . From (10), we see that system (14) is a consequence of system (13) . Let us multiply Eq. (14) by the factor (σ + Q 2 ) −1 and take the integral over the region 0 < σ < ∞. Integrating by parts and taking into account condition (20) , we recover the system (12) . Note that for n = 1 Eqs. (12) and (13) are analogous to the basic Eq. (6) with α n s replaced by A n and A n respectively. We remark, that Eqs. (12)- (14) are derived on general grounds using the RG equation (6) and the spectral representation together with the asymptotic freedom condition (20) .
Exact two-loop results
For convenience, in what follows we shall omit index f in the coefficients β f n . The exact two-loop solution to Eq. (6) is given by [14, 15] 
here
The branches of W are denoted W k (ζ), k = 0, ±1, . . . . By performing analytical continuation of function (22) and its powers in the complex Q 2 -plane d , we determine the corresponding spectral functions ρ
e , the result is
with
After insertion of (23) into (11) and (10) we construct explicitly the two-loop functions A (2) n (Q 2 , f ) and A (2) n (s, f ). The integrals for the Minkowskian functions can be performed f . We obtain
where, for convenience, we introduced the notation
Note that, the functions A n (s, f ) are determined through (n − 2)-th order residual terms of the Taylor expansion of ln(1 +
Using the asymptotic properties of the W-function [21] , in the limit s → 0, we recover the result of work [20] 
Note that, the "analyticized" nonpower perturbative expansions for the timelike observables, may be rewritten as power series in traditional coupling α s (s), but with modified by π 2 -factors d For details of analytical continuation we recommend papers [14] , [15] and [16] . e For f > 6 formula (23) should be changed, see [15, 16] . f The one-loop expressions for the Minkowskian functions were derived in Refs. [7, 22] .
coefficients. Let us consider the two loop case. The function (25) has the following formal power expansion
where α (2) s (s, f ) is the exact two loop coupling (22) . Higher order functions A n (n = 1, 2 . . .) have similar power series expansions. Substituting these expansions into (3) we find the expansion for R(s) in powers of α s with modified by π 2 -factors coefficients. Previously, in the timelike region, similar expansions in powers of the iterative solution to RG equation, were obtained in [8, 9] . Application of the series can be found in papers [23, 24, 25] . The "π 2 -effects" for various timelike quantities have been estimated in paper [25] , in particular, it was found that the π 2 -factors give dominating contributions to the coefficients of R e + e − (s) = σ tot (e + e − → hadrons)/σ(e + e − → µ + µ − ). On the other hand, in recent papers [26, 27] various timelike events were analyzed in the f=5 region. Higher-order "π 2 -effects" have been taken into account properly. It was found that the extracted values for α s (M 2 z ) are influenced significantly by these effects.
The three-loop case with Padé approximation
Padé improved perturbative series attracted much interest recently. They, as opposed to truncated perturbative series, exhibit reduced renormalization scale and scheme dependence [28] . Padé related resummation method which achieves elimination of the unphysical dependence from observables was proposed in recent works [29] .
The solution to RG Eq. (6), at the three-loop order, with Padé transformed beta-function
Starting from (32), one can construct A
P adé,n (Q 2 , f ), just like in the two-loop case. For 0 ≤ f ≤ 6, the spectral function, ρ P adé,n (σ, f ) ≡ρ P adé,n (t, f ) = ℑ{α
Integral (10), with the spectral function (33), can be done. Thus we obtain
where η = 1 − β 0 β 2 /β 2 1 and
For n > 2, the following recurrence formula is valid
where p n is given in (55). Putting together (36) and (37) we get
5 Multi-loop case
As follows from the paper [17] one can obtain the expressions for multi-loop functions in terms of the two loop functions. In particular, the coupling of higher orders can be represented as
with c (k) 1 = 1. The analyticized (Euclidean and Minkowskian) versions of (39) read
n .
So the two-loop functions can be considered as the minimal basis of any orders perturbative expansions [17] . Any observable O (except the quantity possessing an anomalous dimension) can be represented as the series
We would like also to emphasize that the one-loop coupling function could not be used for a similar expansion: the case is that multi-loop coupling functions have more complicated singularities g . However the exact two-loop coupling (expressed through the Lambert W-function)
g For example, the two-loop solution contains double logarithms ln ln x that evidently can't be expanded in powers of 1/ ln x.
can be used to reflect correctly the higher orders contributions. Note that some similar results was obtained in work [18] .
By using the limiting conditions (30) in the representation (41), we derive immediately universal infrared limit [1, 2] for the Minkowskian coupling to any finite order
Formula (43) has been obtained in work [20] in a different way. Evidently, the same limit has the Euclidean coupling A
1 (Q 2 , f ) at Q 2 → 0 (the remarkable result of works [1, 2] ). So we can express any observable in any loop order in terms of the Lambert-W function. The expressions obtained will have correct analytic properties and finite infrared limit.
The quark thresholds
In MS-like renormalization schemes important item is how to introduce the matching conditions at the heavy quarks thresholds for the strong coupling constant . For pedagogical introduction to this subject we recommend paper [30] (see also Ref. [31] ). In the context of APT, this problem was studied in works [7, 26, 27] . The matching conditions and analyticity have been combined there via the special model spectral function
where the mass M f corresponds to the quark with flavor f and the values for Λ f are determined through the continuity conditions
To be more exact, in the MS-like renormalization schemes (beyond the one loop level) conditions (45) should be modified [30] . With the modified conditions the final results are not sensitive to the exact scale one uses to connect the couplings. Nevertheless, in this work we assume simple formula (45) up to third order: the case is that in APT this simplification does not introduce numerically significant errors. Note that with the explicit solutions (22) and (32), the equation (45) for Λ f can be solved analytically. For instance, inserting the three-loop solution (32) in (45) we solve
where
Using (44) with (46) we construct global quantities A n (Q 2 ) and A n (s) relevant in the whole ranges of Q 2 and s respectively.
Numerical results
The numerical calculations are performed by using the computer algebra system Maple V release 5; Maple has an arbitrary precision implementation of all branches of the Lambert-W function.
In Table 1 , various 3-loop approximants are compared with exact three-loop coupling, α
num , the numerical solution of the transcendental equation it we denote the commonly used three loop order iterative approximant [31] 
. Usually, the same formula (50) is used in the timelike region. α ts denotes the truncated series (39)
in this case c Table 1 , we see that, α (3) ts allows us to achieve more good agreement with the exact answer than the Padé and iterative approximants. α (3) ts is accurate, for Q ≥ 900 MeV (in these region it practically coincides with the exact answer) while the Padé approximant worsens below Q = 1600MeV and iterative approximant allows us to achieve 1% accuracy only for Q ≥ 2300 MeV . We have taken Λ 3 = 400 MeV , and the values of Λ f (f = 4, 5, 6) are determined by imposing conditions (45) on the exact numerical solution (49). For the quarks masses throughout this paper we assume the values M 1 = M 2 = M 3 = 0, M 4 = 1.3 GeV , M 5 = 4.3 GeV and M 6 = 170 GeV .
In Table 2 the results for the Minkowskian expansion functions are given in the three quark region (0.4 GeV< √ s <2.6 GeV). The functions A (3)
ts,n (s, f ) are compared for n = 1, 2 and f = 3. We take the common value, Λ f =3 = 400 MeV. The differences between A Table 3 summarizes the results for Euclidean expansion functions, A (k) n (Q 2 , f ), in the two loop and three-loop orders, for n = 1, 2 and f = 3. The three quark region is chosen (0.4 GeV < Q < 2 GeV) and we take Λ f =3 = 400 MeV. The numerical calculations have been performed using formula (11) (high precision was achieved already for T = 1000). In the three loop case, two approximants, A (3) ts,n and A (3) P adé,n , are compared. There is good agreement between these approximants ( 0.07% end better for n=1, and 0.14% and better for n = 2). The differences between A (3) ts,n and A (2) n (n = 1, 2) are larger, up to 1.72% for n = 1 and up to 1.4% for n = 2. The asymmetry [32] 
tr,1 (Q 2 , f ) * 100, was found to be appreciable (compare Tables 2 and 3) : it increases from 2% at Q = √ s = 0.4 GeV to 7.5%
at Q = √ s = 2.0 GeV .
On the other hand, for global expansion functions A n (Q 2 ) and A n (s) (that are constructed according the model (44)) all the above mentioned differences are slightly enhanced. In Table 5 , the results obtained with Minkowskian global approximant, A (3) ts,1 (s), are given. For comparison we include the differences, d
(2) (%) = (A
ts,1 (s) * 100 and
ts,1 (s) * 100. As an input we take Λ f =3 = 400 MeV. The values of Λ f (f = 4, 5, 6) for various approximants (determined through (45)) are given in Table 4 . The maximal differences are observed at √ s ≈ 1.3 GeV : d (2) (%) = 3.21 and d (3) (%) = −0.63 respectively. The analogical results for the global Euclidean coupling A 1 (Q 2 ) are given in Table 6 . In this case D (2) (%) < 2.64 and |D (3) (%)| < 0.5 for 0.4 GeV < Q < 100 GeV.
Conclusions
In this paper we have constructed analytically two sets of the specific functions, {A n } and {A n }, that determine the APT expansions for the spacelike and timelike observables respectively. The results, up to third order, are written in terms of the Lambert W-function. For the both sets of the functions, we have derived order by order the infinite sets of differential equations. These equations follow from the RG equation, spectral representation and asymptotic freedom. With the help of the equations, at the two-loop level, compact expressions for the Minkowskian functions A n (s, f ) (see Eqs. (25)- (28)) are obtained. For the Euclidean functions, A n (Q 2 , f ), the regulated expressions (11) guaranteeing high precision in numerical calculations are presented. We have shown the connection between APT series for the timelike observables and the corresponding power series with modified (by "π 2 -factors") coefficients (see Eq. (31)). For Pade-improved 3-loop case, the Minkowskian set of functions {A n (s, f )} is constructed (see (38) ). In addition, to calculate the APT functions in the three-loop order, the general method of work [17] is used. The advantage of this method over the method of Padé approximation is demonstrated (see Table 1 ).
The matching conditions for the running coupling function α s (Q 2 , f ) at the flavor thresholds to three loops in MS scheme are presented in analytic form (see (46)). Global functions A n (Q 2 ) and A n (s) with flavor thresholds are constructed.
We have examined numerically some of the APT functions to second and third orders (see Tables 1-6 ). The accuracy of various approximants to the spacelike and timelike APT functions is estimated.
Let us discuss the status of the obtained exact and approximate expressions for the functions A n and A n . The question may be raised as to whether they allow us to achieve advantage over the existing in the literature iterative formulas. In recent works [10, 11, 12] , analytical continuation to the timelike region has been performed using the iterative solution (50) to the RG equation. However, it was estimated in ref. [39] , that with the iterative solution, in the two loop case, the error in A 1 (s, f ) may be as large as 4%-5%. Furthermore, the iterative formulas are not convenient from the technical point of view too. Since, starting from iterative formulas, we have not found analogous of Eqs. (12)- (13) which greatly simplify numerical analysis. On the other hand, the precision of the experimental data (for R e + e − (s), R τ , ets.) is continuously increasing. Therefore the authors hope that the more accurate theoretical formulas will be helpful for practical calculations in the APT framework. It should be remarked, that an alternative to our method was given in work [13] , where the RG equation, to third order, has been solved numerically in the complex domain.
Other possible applications of the obtained formulas are in the context of different (not APT) approaches to Landau pole problem [33, 34, 35] and more general (non-perturbative) frameworks developed in works [36, 37, 38] .
Appendix
In this appendix we calculate analytically A n (s, f ) to second order. Let us define the auxiliary functions
wheres = s/Λ 2 and ℑã n (t, f ) =ρ n (t, f ) ≡ ρ n (σ, f ) with σ = exp(t). Then A n (s, f ) = ℑR n (s, f ). The expressions forã, can be read from (23) . In the two loop casẽ
With (53) integral (52) can be rewritten as a contour integral in the complex z-plane
where, we denote
and the limit ǫ → 0 is assumed. Let us change the integration variable in (54), ω = W (z), we then get
For n > 2, from (56) we obtain the equation
the two-loop version of the equation (13) . It is sufficient, to calculate A
1 and A
2 . Indeed, higher functions can be determined using recurrence formula (57). Note that R (2) 1 (s, f ) is divergent in the limit ǫ → 0, (see (54) ). Nevertheless, it has finite imaginary part h . By direct calculation we obtain formulas (25) and (26), formulas (27) and (28) follow from formula (26) .
h For the asymptotic behaviour of the W function see paper [21] . 
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n (Q 2 , f ), at the two-loop and three loop orders. 
